Abstract: We study heterotic supergravity at O(α ′ ), first described in detail in 1989 by Bergshoeff and de Roo. In particular, we discuss the ambiguity of a connection choice on the tangent bundle. It is well known that in order to have a consistent supergravity with supersymmetry transformations given in the usual way, this connection must be the Hull connection at O(α ′ ). We consider deformations of this connection corresponding to field redefinitions, and the necessary corrections to the supersymmetry transformations. We also discuss possible extensions of this theory to higher orders in α ′ . We are interested in the moduli space of such field redefinitions which allow for supersymmetric solutions to the equations of motion. We show that for solutions on M 4 × X, where M 4 is Minkowski and X is compact, this is given by H (0,1) (X, End(T X)). This space corresponds to infinitesimally close connections for which the equations of motion are satisfied. The setup suggests a symmetry between the gauge connection and the tangent bundle connection, as also employed by Bergshoeff and de Roo. We propose that this symmetry should be kept to higher orders in α ′ , and propose a natural choice for the corresponding tangent bundle connection used in curvature computations.
Introduction
This paper is a continuation of [1] where we studied the infinitesimal moduli space of heterotic supergravity, and in particular the Strominger system [2] [3] [4] . Moduli of the Strominger system where also studied in [5] .
In this paper we will shed more light on an ambiguity which appeared in [1] concerning moduli of T X as a holomorphic bundle defined by a holomorphic connection ∇. We argued that these moduli could not be physical, and formulated a possible interpretation for their appearance, which we elaborate on in this paper.
Ambiguities concerning the connection ∇ have been discussed extensively in the literature before, both from a sigma model perspective [6] [7] [8] [9] [10] , where a change of this connection has been shown to correspond to a field redefinition, or from the supergravity point of view [3, [11] [12] [13] , where a change of connection choice has been shown to correspond to a change of regularisation scheme in the effective action. We will review some of these results and extend them to higher orders in α ′ . Heterotic supergravity has also been considered at higher orders in α ′ before [14] [15] [16] [17] [18] , 1 and we will review and extend some of these results. In particular, we address the ambiguity concerning a connection choice on the tangent bundle in the higher order theory.
We begin in section 2 with a short review of first order heterotic supergravity as first written down in [15, 16] . We discuss the connection choice ∇ on the tangent bundle T X needed for the supersymmetry equations and equations of motion to be compatible. This leads to the an instanton condition on ∇ [1, 23, 24] R mn Γ mn η = 0 , where R mn is the curvature two-form of ∇ and η is the spinor parametrising supersymmetry on X. This condition has often been applied in the literature when constructing heterotic vacua, see e.g. [25] [26] [27] [28] [29] . The instanton condition has an associated infinitesimal moduli space T M ∇ ∼ = H (0,1) (X, End(T X)) .
(1.1)
which we considered in [1] . These moduli cannot be physical, and the main purpose of this paper is an attempt to understand their appearance. In order to have a consistent supergravity at O(α ′ ), ∇ must be taken to be the Hull connection [3, 16] . A deformation of this connection is equivalent to a field redefinition or a change of the regularisation scheme in the effective action [7, 11] . We are interested in the space of allowed deformations, for which there are supersymmetric solutions to the supergravity equations of motion. We find that even 1 More recently, α ′ -corrections in heterotic supergravity have been considered in the context of generalised geometry and double field theory [19] [20] [21] [22] , which is more closely related to the structure presented in [1] .
though we need to deform the supersymmetry transformations accordingly, as was also pointed out in [13] , the conditions for preservation of supersymmetry can be assumed to remain the same. Moreover, the space of connections which allow for such supersymmetric solutions to exist is again given by (1.1).
In section 3 we discuss extensions of these results to second order in α ′ . We find that the choice of the Hull connection, which was required at at O(α ′ ), is no longer consistent at higher orders. Indeed, as we shall see, insisting on the Hull connection can put additional constraints on the higher order geometry. In particular, the first order geometry is Calabi-Yau if we assume the internal space to be compact and smooth. This was also noted in [23] , where the first order geometry was taken as exact.
We also show that without loss of generality supersymmetric solutions may be assumed to satisfy the Strominger system, assuming that the internal space is compact and smooth. With this, the connection ∇ should again satisfy the instanton condition. This condition looks surprisingly like a supersymmetry condition corresponding to the connection ∇ as if it was a dynamical field. Indeed, it was precisely the fact that (∇, ψ IJ ), where ψ IJ is the supercovariant curvature, transforms as an SO(9, 1)-Yang-Mills multiplet at O(α ′ ) which led to the construction of the O(α ′ )-action in the first place [16] . As also noted in [16] , this is symmetric with the gauge sector of the theory, and it is natural to assume this symmetry to higher orders in α ′ . This also prompts us to make a conjecture for what the connection choice should be at higher orders in α ′ . We have left some technical details of the discussion of compactifications to four-dimensional Minkowski space to the Appendix, leaving us free to discuss supersymmetry and solutions in the bulk of the paper.
First Order Heterotic Supergravity
In this section we review heterotic supergravity at first order in α ′ as first studied in [15, 16] . We write down the action and supersymmetry transformations, and review the supersymmetric solutions of this theory, commonly known as the Strominger sytem [2] [3] [4] . We show how consistency between the supersymmetry conditions and equations of motion requires that we make a certain connection choice on T X. In fact, the connection should satisfy the instanton condition. Various proofs of this have appeared in the literature before [1, 23, 24] , and we give a slightly different proof in this paper.
Moreover, the condition of a supersymmetry invariant supergravity action reduces this choice of connection further to the the Hull connection [3, 15, 16] . We show that by deforming this connection, the supersymmetry transformations must be transformed accordingly, however we find that the conditions for supersymmetric solutions can be taken as before. Moreover, the deformed connections must again be instantons. We comment on the moduli space of this condition, and note that these moduli are unphysical as they correspond to changes of the effective action regularisation scheme [11] , or as we shall see explicitly, field redefinitions [7] .
We comment briefly on the type of geometry that results from the first order supersymmetry conditions, and the fact that the compact space X is conformally balanced. First order deformations of the corresponding system of equations where studied recently in [1] and [5] .
Action and Field Content
Let us begin by recalling the bosonic part of the action at this order [16] 
where R is the scalar curvature of the metric g, F is the curvature of an E 8 × E 8 gauge bundle, R is the curvature with respect to some connection ∇ on the tangent bundle, and H is the NS three-form,
which is appropriately defined for the theory to be anomaly free. Here, ω A CS and ω
∇ CS
are Chern-Simons three-forms of the gauge-connection A, and the tangent bundle connection ∇ respectively. We also write |α| 2 = α ∧ * α for α ∈ Ω * (X). The fermonic fields of the theory are the gravitiono ψ M , the dilatino λ and the gaugino χ. The N = 1 supersymmetry variations of these fields are [2, 16] ,
3) 5) where
LC denotes the Levi-Civita connection, the Γ M are ten-dimensional gamma-matrices, and Γ M 1 ..Mn denote antisymmetrized products of gamma-matrices as usual. Here large roman letters denote tendimensional indices. Note that the transformation for the gauge field has a reduction in the order of α ′ . This is because the gauge field always appears with an extra factor of α ′ in the action. In order to have a supersymmetric theory, we therefore only need to specify the gaugino transformation modulo O(α ′ )-terms. Supersymmetry for a given solution then requires that these variations are set to zero.
The choice of connection ∇ is a subtle question. Firstly it cannot be a dynamical field, as there are no modes in the corresponding string theory corresponding to this. Hence, ∇ must depend on the other fields of the theory in a particular way. This dependence is forced upon us once the supergravity action and supersymmetry transformations are specified.
Indeed, if we want the supergravity action to be invariant under the supersymmetry transformations (2.3)-(2.5) at O(α ′ ), we need a particular choice of connection in the action, namely the Hull connection ∇ − , which has connection symbols given by
where Γ LC KL M are the connection symbols of the Levi-Civita connection. This connection is needed in order that (∇, ψ IJ ) transforms as a SO(9, 1) Yang-Mills multiplet, as explained in [16] . Here ψ IJ is the supercovariant curvature given by
where ∇ + has connection symbols given by (2.6). With this, the full first order heterotic action is invariant under supersymmetry.
First Order Supersymmetry and Geometry
In this section we briefly consider compactifications to four-dimensional Minkowski space. Details of the compactifications are laid out in Appendix A, where conventions are laid out. Consider the set of supersymmetry equations (2.3)-(2.4) at first order in α ′ . We look at what conditions they impose on the internal geometry X. The resulting system is known as the Strominger system [2, 3] , and in terms of the fields (Ψ, ω, H, φ) they may be written as [30] d(e −2φ Ψ) =0 , (2.8)
10) Equation (2.8) implies the existence of a holomorphic three-form Ω = e −2φ Ψ. It also implies that the complex structure J defined by Ψ (as in Appendix A) is integrable, which means that ∂ 2 = 0, where ∂ and ∂ are the Dolbeault operators defined by the complex structure J. A complex three-fold X satisfying equation (2.9) is said to be conformally balanced. In terms of the Dolbeault operators, it may be shown that the flux may be written as 11) as was first shown in [2] . The flux H is identified with the torsion T of the Bismut connection∇, which is in fact the same as ∇ + . In the mathematics literature,∇ is the unique metric connection with totally antisymmetric torsion so that
From the anomaly cancellation condition (2.2), we also have the Bianchi Identity
Setting the gaugino variation (2.5) to zero is equivalent to requiring that the gaugebundle is holomorphic, and satisfies the hermitian Yang-Mills equations on the internal space
where F is the field-strength of the E 8 × E 8 gauge-bundle.
Instanton Condition
In order for the O(α ′ )-action to be invariant under the supersymmetry trasformations (2.3)-(2.5), one is forced to choose the Hull connection in the action. As we shall see in section 2.5, this can be relaxed upon appropriate field redefinitions. Such field redefinitions also change the supersymmetry transformations. We will however see that even though the supersymmetry transformtions change, the supersymmetry conditions may be assumed to be the same. That is, we can without loss of generality, assume that our solutions solve the Strominger system. Furthermore, supersymmetry should be compatible with the bosonic equations of motion derived from (2.1). This leads to a condition on ∇ known as the instanton condition which we now discuss. It should be noted that for supersymmetric solutions, as we also show in Appendix C, the Hull connection does satisfy the instanton condition to the order we are working at [24] .
It has been shown that the supersymmetry equations derived from (2.3)-(2.5) together with the Bianchi identity imply the equations of motion if and only if the connection ∇ for the curvature two-form R appearing in (2.1) is an SU(3)-instanton [23, 24] . This implies that it satisfies the conditions 14) which are similar to those for the field-strength F . We present a proof of this in Appendix B for completeness. 3 The first condition in (2.14) implies that R (0,2) = 0. Therefore there is a holomorphic structure ∂ ϑ on the tangent bundle T X, where
and ϑ is the (0, 1)-part of the connection one-form of ∇. We denote T X with this holomorphic structure as (T X, ∇). Note that this holomorphic structure is different in general from the holomorphic structure on T X induced by the complex structure J.
The second condition of (2.14) says that the connection ∇ is Yang-Mills, more precisely, ∇ is an instanton. By a theorem of Li and Yau [32] , which generalizes the Donaldson Uhlenbeck-Yau theorem [33, 34] , such a connection exists if and only if the holomorphic bundle (T X, ∇) is poly-stable. Moreover, the connection is the unique hermitian connection with respect to the corresponding hermitian structure on T X. 4 It is known that the stability condition is stable under first order deformations of the holomorphic structure [35] . We extended the result of [35] in [1] , where we found that the moduli space of infinitesimal deformations of ∂ ϑ , including generic deformations of the Hermitian Yang-Mills conditions (2.14), where given by
More explicitly, in [1] we showed that for each
there is a corresponding element δϑ ∈ [δϑ] so that the Yang-Mills condition is satisfied. Starting from the instanton connection, there is then an infinitesimal moduli space T M ∂ ϑ of connections for which the equations of motion are satisfied.
As mentioned, for the supergravity action to be invariant under the supersymmetry transformations (2.3)-(2.5), the choice of connection is reduced further. In particular, invariance of the first order action forces the connection to be the Hull connection ∇ − [16] . Under these supersymmetry transformations, we therefore cannot choose any element in T M ∂ ϑ when deforming the Strominger system. Rather we have to choose the element corresponding to a deformation of the Hull connection.
Changing the Connection
We could ask what happens if we deform the connection in the action. Firstly, such deformations do not correspond to physical fields. We shall see in this section that they are equivalent to field redefinitions [7] . Secondly, insisting upon changing this connection means that we need to change the supersymmetry transformations correspondingly. However, it turns out that the conditions for supersymmetric solutions can be taken as before. Moreover, the condition that the new connection allows for such supersymmetric solutions to the theory forces the new connection precisely to satisfy the instanton condition.
Let us discuss what happens when we change the connection ∇ used in the action. That is, we let
where θ = θ(Φ) is a function of all the other fields of the theory, which we collectively have denoted by Φ, and t is an initesimal parameter. In the next section, we will take
, but for now we just assume it corresponds to an infinitesimal deformation of the connection. We are interested in what happens to the theory under such a small deformation.
Under supersymmetry, the new connection one-forms Θ I JK together with the supercovariant curvature ψ IJ transform as
where we have used (C.1) in the second equality of the second equation. The O(α ′ )-terms can be neglected to the order we are working at, but they will become important in the next section when we discuss the theory to higher orders in α ′ . We thus see that (Θ, ψ IJ ) transforms as an SO(9, 1)-Yang-Mills multiplet, modulo O(t) and O(α ′ )-terms. As noted, the O(α ′ )-terms can be ignored for now, but the O(t)-terms will have to be dealt with. This is done by changing the supersymmetry transformations accordingly as we shall see below.
6
A lemma of Bergshoeff and de Roo [16] (see also [36] ) states that the action deforms as δS
under an infinitesimal deformation of the Hull connection. Here B 0 denotes a combination of zeroth order bosonic equations of motion. As the correction to the action due to the change of connection (2.16) is proportional to the equations of motion, the change of connection tθ may equivalently be viewed as an infinitesimal field redefinition of order O(t, α ′ ), and is therefore non-physical.
7
We want to consider what happens to the theory under these deformations of the connection. In particular, we are interested in the allowed deformations of the connection, or equivalently field redefinitions, for which supersymmetric solutions to the Strominger system exist. We expect this to be related to the moduli space of connections (2.15) studied in [1] , and we see that this is indeed the case.
From (2.17) it follows that the change to the action due to the correction,
of the transformation of Θ can be absorbed in a redefinition of the bosonic supersymmetry transformations by a similar procedure as is done in [16] for the O(α ′2 )- 6 That a change of the connection requires a change of the supersymmetry transformations in order to have a supersymmetry invariant action has been noted before [13] . 7 That deformations of the connection corresponds to a field redefinition has been noted in the literature before, see e.g. [6, 7, 12, 13] .
corrections to the supersymmetry transformations. Similarly, we also have
by [16] , where Ψ 0 is a combination of zeroth order fermionic equations of motion. It follows that the change in the action due to the correction,
may be absorbed into a redefinition of the fermionic supersymmetry transformations which now read
where
A } is a ten-dimensional viel-bein frame. We have written the corrections in this way to be able to compare with the higher order α ′ -corrections in the next section. With the new supersymmetry transformations (2.19)-(2.21), the action with the new connection is again invariant.
As we saw above, deforming the connection ∇ − → ∇ − + tθ, really just corresponds to an O(α ′ )-field redefinition. Hence, the supersymmetry algebra above (including the bosonic transformations, which we did not write down for brevity) should just be the old algebra written in terms of the new fields. There are therefore no issues concerning closedness of the algebra.
Supersymmetric Solutions
Let us look for four-dimensional supersymmetric maximally symmetric compact solutions to the t-adjusted theory. This ammounts to setting the transformations (2.19)-(2.21) to zero. We consider solutions such that
where η is the six-dimensional spinor on X. Given the redefined supersymmetry transformations, this might seem like a restriction of allowed supersymmetric solutions. However, this is not the case, at least for compact solutions. Indeed, we have the following proposition. 
then without loss of generality we may assume that
i.e. the solutions are solutions of the Strominger system.
Proof. First note that since ∇
upon an integration by parts. 8 Here
and ∆ + is the Laplacian of the Bismut connection.
Next expand η in eigen-modes of ∆ + ,
where {|ψ n } is an orthonormal basis of eigenspinors of ∆ + with corresponding eigenvalues λ n , and where we have gone to bra-ket notation for convenience. We can then compute
Note that λ n ≥ 0 as ∆ + is positive semi-definite. From this it follows that each term in the above sum is of O(α ′2n ). That is
Moreover, we know that |η = O(1), which implies
It follows that at least one α k = O(1). 9 Then, from (2.24), the corresponding eigenvalue is λ k = O(α ′2n ). At the given order in α ′ , O(α ′2n−1 ), we may without loss of generality set λ k = 0. It follows that there is a spinor in the kernel of ∇ + , which we may take to be η. i . This allows the integration by parts to be carried out. 9 We treat α ′ as a formal expansion parameter, so sums of terms of higher orders in α ′ cannot decrease the order in α ′ .
Using Proposition 1 we may set n = 1 to get (2.23). It also follows from equation (2.19) that we need 25) for the solution to be supersymmetric. From Appendix B it then follows that the corrected connection ∇ = ∇ − + tθ should be an instanton. It is easy to see that (2.25) is satisfied, once we know that we are working with supersymmetric solutions of the Strominger system. Plugging the connection ∇ into the instanton condition, and using that ∇ − is an instanton at this order, we find 26) precicely the condition for the deformed connection to remain an instanton. From this, it also follows that
as desired. Finally, we remark that as noted in [1] there is an infinitesimal moduli space
of connections satisfying this condition, where the tangent space T M ∂ ϑ − is taken at the Hull connection. Each connection in this moduli space corresponds to a field redefinition of the supergravity with the corresponding change of the supersymmetry transformations, (2.19)-(2.21). Compact supersymmetric solutions of these equations may by Proposition 1 be assumed to be solutions of the Strominger system, and they also solve the equations of motion provided θ ∈ T M ∂ ϑ − . From this perspective, the moduli space (2.27) found in [1] is unphysical. That is, the moduli space (2.27) may then be viewed as the space of allowed infinitesimal O(α ′ ) field redefinitions for which the equations of motion and supersymmetry are compatible. 10 
Higher Order Heterotic Supergravity
Having discussed the first order theory, we now consider heterotic supergravity at higher orders in α ′ . We continue our investigation from a ten-dimensional supergravity point of view, by a similar analysis as that of Bergshoeff and de Roo [16] .
In [16] the Hull connection was used at higher orders as well. We wish to generalize this analysis a bit, and allow for a more general connection choice in the action, as was done in the previous section. In order not to overcomplicate matters unnecessarily, we return to letting the T X-connection be the Hull connection at O(α ′ ), which is needed in order that the full action be invariant under the usual supersymmetry transformations (2.3)-(2.5) at O(α ′ ). We will however allow this connection to receive corrections at O(α ′2 ). There are two important points which we wish to emphasise in this section. Firstly, as we saw in the last section, we may deform the tangent bundle connection away from the Hull connection provided we deform the supersymmetry transformations correspondingly. We take a similar approach in this section, where we deform away from the Hull connection by an α ′ -correction, ∇ = ∇ − +θ where now θ = O(α ′ ), and depends on the fields of the theory. Our findings from the previous section also persist in this section. That is, the deformation θ now corresponds to an O(α ′2 ) field redefinition, and deforming θ is therefore non-physical in this sense. Moreover, the supersymmetry transformations also change with θ, in accordance with the deformed fields. However, not all field choices allow for supersymmetric solutions of the Strominger system. Secondly, we note there is a symmetry between the tangent bundle connection ∇ and gauge connection A in the first order action. As a guiding principle, as is also done in [16] , we would like to keep this symmetry to higher orders. With this philosophy it seems natural to choose ∇ so it satisfies its own equation of motion similar to that of A, at the locus where the equations of motion are satisfied. Note that this is true for the Hull connection at O(α ′ ), by equation (2.17). Moreover, this also seems to be the connection choice we need in order for the supersymmetry conditions to hold at the locus of equations of motion. Indeed, we find the following Note then that our choice of connection is as if the connection ∇ was dynamical. We again stress that this is not the case, as ∇ must depend on the other fields of the theory. We only require the connection to satisfy an equation of motion (as if it was dynamical), and this then relates to how ∇ depends on the other fields.
With these observations, we make the following conjecture 
The Second Order Theory
According to Bergshoeff and de Roo [16] the bosonic part of the heterotic action does not receive corrections at this order. Bergshoeff and de Roo used the Hull connection when writing down the action, but we shall be more generic, choosing a connection ∇ that differs from the Hull connection by changes of O(α ′ ). The bosonic action then reads
where now
and
. The supersymmetry transformations do receive corrections. What these corrections are again depend crucially on which connection is chosen in the action as we will discuss in the next section. Using the Hull connection ∇ = ∇ − , they are given in [16] and read
Here P M = P M AB Γ AB and P = P M AB Γ M AB . Here A, B, .. denote flat indices, while I, J, .. denote space-time indices. Note again the reduction in α ′ for the gauge-field transformation (3.6).
11 It should be noted that the specific form of these corrections, where there are no covariant derivatives of the spinor in the O(α ′2 )-correction requires an addition of an extra term of O(α ′2 ) to the fermionic sector action [16] .
Second Order Equations of Motion
We now derive the equations of motion of the action (3.2). As the action is the same as the first order action, one might guess that the equations of motion will be the same too. This is not quite correct, and we take a moment to explain why.
When deriving the first order equations of motion, one relies on the lemma of [16] , equation (2.17) , from which it follows that the Hull connection satisfies an equation of motion of its own, whenever the other fields do. As a necessary condition to satisfying the first order equations of motion is that the zeroth order equations of motion are of O(α ′ ), the variation of the action with respect to ∇ − can be ignored as it is of O(α ′2 ). This simplifies matters when deriving the first order equations of motion. At second order however, such terms will have to be included, potentially leading to a more complicated set of equations.
We note that the O(α ′2 )-corrections to the equations of motion come from the variation of the action with respect to ∇. What they are will crutially depend on what connection ∇ is used. Let us write the connection one-form of ∇ as
where Θ − are the connection one-forms of the Hull connection, and θ = O(α ′ ), and depends on the other fields of the theory in some unspecified way. The action then takes the form
Let us compute δ θ S. We find
Inserting this back into the action, we find
We write this as
since the expression in brackets is proportional to a combination of zeroth order bosonic equations of motion according to (2.17) . It follows from (3.9) that the change of connection θ may be thought of as an O(α ′2 ) field redefinition, as this is precisely how the action gets corrected when we perform such a field redefinition. This is similar to the O(t, α ′ ) field redefinitions we described in the previous section. In the same way, it follows that the change of the connection θ is unphysical.
Let us next compute the variation of the action (3.8) with respect to the connection ∇, assuming that the first order equations of motion are satisfied. Using the first order equations of motion, in particular
we find
Note that any variations depending on δθ drop out of this expression. This is due to (3.9) and that θ is of order α ′ , which implies that variations of the action with respect to θ are of O(α ′3 ) at the locus of the first order equations of motion. We therefore only need to worry about the δΘ − -part when varying the action with respect to ∇. Equation (2.17) also guarantees that the expression in (3.10) is of O(α ′2 ). The change of the O(α ′2 ) equations of motion depend on what the expression in the brackets is, which again depends on our connection choice. It should be stressed that even though θ corresponds to a field choice, this does not mean that any field choice will do. We want to choose our fields so that supersymmetry, and in particular the Strominger system, is compatible with the equations of motion.
Recall that the β-functions of the (0, 2)-sigma model correspond to the heterotic supergravity equations of motion. In [37] it was noted that the three-loop β-function of the gauge connection equal the two-loop β-function. 12 That is, the β-function of the gauge field does not receive corrections at this order, nor should the corresponding supergravity equation of motion. This is consistent with the supergravity point of view [16] . Motivated by this, and guided by the symmetry between ∇ and the gauge connection in the action, it seems natural to choose ∇ so that it satisfies it's own equation of motion (3.11) at this order. This is exactly the equation one gets when varying the action with respect to ∇, and which is indeed satisfied by the Hull connection at first order. It is easy to see that choosing this connection is in fact equivalent to choosing θ so that the expression in brackets in (3.10) vanishes, modulo higher orders. This again implies that all the first order equations of motion remain the same at O(α ′2 ). Of course, changing the connection also requires that we change the supersymmetry variations appropriately, in order that the full action remains invariant under supersymmetry transformations at O(α ′2 ). This also relates to how we correct the connection outside of the locus of equations of motion. We will return to this later, when we also consider supersymmetric solutions. We shall see that supersymmetric solutions may be assumed to be solutions of the Strominger system (∇ + η = 0), without loss of generality. Moreover, they exist if and only if ∇ is an instanton, and in particular (3.11) is satisfied. This is in complete analogy with the gauge connection, as the supersymmetry condition for A is that F remains an instanton at O(α ′2 ) as well.
The Hull Connection at
Before we go on to consider the more general connection choices in more detail, let us return to the Hull connection used in [16] . We shall see that choosing this connection severely restricts the allowed supersymmetric solutions. The corrections to the theory in the case of the Hull connection have been worked out in [16] to O(α ′3 ), and we consider this theory to this order. We look for supersymmetric solutions at O(α ′3 ). As we shall see, insisting upon the Hull connection restricts the allowed supersymmetric solutions. This was also argued in [23] where the first order theory was taken to be exact, which lead to Calabi-Yau solutions as the only consistent solutions.
We will consider the theory up to cubic order in α ′ . At this order, the bosonic action may be given as [16] (3.12) where
Note again the symmetry between the gauge connection A and the Hull connection ∇ − in the action above.
The supersymmetry transformations now read
14)
and Q = Γ M Q M . Let us now consider supersymmetric solutions. Note that from Proposition 1, by setting n = 2, we may assume
without loss of generality. The corresponding supersymmetric solutions are solutions of the Strominger system. It again follows that since the action remains uncorrected at O(α ′2 ), the connection ∇ must still be an instanton at O(α ′ ) by Appendix B. Insisting on a particular choice of connection may then over constrain the system, as it is not guaranteed that this connection is an instanton. We see how this is true for the particular example of the Hull connection next. Proof. Let us first consider the theory at O(α ′2 ). From Proposition 1, with n = 2, we can without loss of generality assume that the geometry solves the Strominger system. We then further need to require the instanton condition
Theorem 2. For compact smooth compactifications, if we insist upon using the Hull connection at
for the Hull connection. At this order in α ′ , this is a nontrivial condition. Indeed, using the identity (C.1), it follows that
It follows that
Using these results, we see that the cubic corrections to the supersymmetry conditions become quartic when requiring the O(α ′2 ) supersymmetry conditions and the equations of motion satisfied. We find that a variation of the cubic corrections to the action at the supersymmetric locus are of O(α ′4 ) as well. Arguing this way order by order, it then follows that we need
in order for the equations of motion to be satisfied to cubic order. This further gives the requirement
We also have by supersymmetry,
where we have defined
Note that d 2 φ = 0, with corresponding elliptic Laplacian ∆ d φ . It follows that any form γ has a Hodge decomposition
for some three-form κ. Here
From (3.16), it follows that d φH = O(α ′3 ), which in turn implies
From this it follows that
, from which it follows that
where we have excluded fractional powers of α ′ in the α ′ -expansion of H. It follows that the first order geometry is Calabi-Yau.
We can go further if we make a mild assumption about the α ′ -corrections. First note that ker(∆ d φ ) ∼ = ker(∆ d ), and ker(∆ d ) is topological. If we assume that α ′ -corrections are small, and in particular do not change the topology of X, it follows that |ker(∆ d φ )| does not change under α ′ -corrections. In particular, there are no new zero-modes as α ′ → 0. From this it follows that for λ i = 0 we have
This in turn implies that X is a Calabi-Yau, both at first and second order in α ′ .
Choosing Other Connections
We now consider what happens if a different connection, other than the Hull connection is chosen, that is θ = 0. We work at O(α ′2 ) for the time being, and leave the cubic and higher order corrections for future work.
As argued in [16] , the higher order corrections to the supersymmetry transformations come from the failure of (Θ, ψ IJ ) to transform as a SO(9, 1) Yang-Mills multiplet. Under supersymmetry transformations, we have
where (C.1) has been used in the second equality of the expression for δψ IJ . Note that without the α ′ -effects, the multiplet transforms as a SO(9, 1) Yang-Mills multiplet. This is how the symmetry in the action between the gauge connection and tangent bundle connection arises at O(α ′ ). The O(α ′ ) correction to the transformation of Θ I JK depends on how the correction θ of the connection is defined in terms of the other fields of the theory. This correction is what makes the action fail to be invariant under supersymmetry transformations. However, this failure of the action to be invariant may be absorbed into an O(α ′2 )-redefinition of the bosonic supersymmetry transformations due to (2.17), as is done in [16] for the case of the Hull connection.
The same holds for the O(α ′ ) correction to δψ IJ ,
This can be absorbed into a redefinition of the supersymmetry transformations of the fermions due to (2.18) . For the more general connection choice, it turns out that the correction we need only requires a change of the three-form P , 18) but otherwise the transformations (3.4)-(3.6) remain the same. Note also that as the deformation of the connection can again be viewed as an O(α ′2 ) field redefinition, the new supersymmetry algebra is again closed.
We now compactify our theory on a complex three-fold X. By the argument given in Proposition 1, with n = 2, we can assume without loss of generality that
By the rewriting of the bosonic action (B.1), which we stress holds true at O(α ′2 ), we find that for the equations of motion to hold we need
Note the similarity between this condition and the supersymmetry condition for the gauge field (3.6). Supersymmetry now also requires
by (3.18) and (3.4) . Here A, B denote flat indices on X. This equation is however trivial, once we know that R is an instanton. Indeed, we havẽ
where we used (C.1) in the second equality. It should also be mentioned that the instanton connection solves the ∇-equation of motion (3.11) , as shown in [17, 38] . Indeed in dimension six, by the supersymmetry conditions, it follows that
As R is both of type (1, 1), and primitive, we have the identity * R = −ω ∧ R. It follows that the instanton connection satisfies the ∇-equation of motion, and the first order equations of motion do not receive corrections.
We have thus gone through the proof of the statements in Theorem 1. Next, we want to consider their interpretation and give a discussion of the results. In doing so we also give our reasons for proposing Conjecture 1.
Discussion

Summary of Results
In the first order theory, we saw that the connection ∇ = ∇ − +tθ, where θ depends on the fields of the theory in some way, should satisfy the instanton condition whenever the solution is supersymmetric of Strominger system type. As shown in e.g. [1] , this condition has an infinitesimal moduli space of the form
where the tangent space is taken at the Hull connection. At first order, the requirement that the full supergravity action should be invariant under the usual supersymmetry transformations reduces the choice to the Hull connection. Hence, the t-deformed theory requires changes to the supersymmetry transformations, and we found what these where. We also saw that the allowed deformation space of connections, for which supersymmetric solutions of the Strominger system exist, was given by (4.1). Supersymmetric solutions could also be assumed to be solutions of the Strominger system by Proposition 1. Moreover, by the lemma of Bergshoeff and de Roo [16] , these deformations correspond to infinitesimal O(α ′ ) field redefinitions. Returning to the usual form of the first order supergravity, we saw that at second order the theory can again be corrected appropriately for any O(α ′ )-change θ of the Hull connection ∇ − , corresponding to O(α ′2 ) field redefinitions. Supersymmetric solutions could again be assumed to be solutions of the Strominger system, and the equations of motion are compatible with supersymmetry if and only if ∇ = ∇ − + θ satisfies the instanton condition again.
Higher orders
Let us now take a moment to discuss higher orders in α ′ . Note that the condition we find for compatibility between supersymmetry and equations of motion, (3.19) , is exactly the supersymmetry condition we would get from this "connection sector" if ∇ was part of a dynamical superfield, very much analogous to the gauge sector. Indeed, the fact that (∇ − , ψ IJ ) transforms as an SO(9, 1)-Yang-Mills multiplet to O(α ′ ) is what motivated the construction of the action of [16] in the first place. From the discussion above, it appears that supersymmetric solutions behave as if this where the case, at least for compact solutions including O(α ′2 ). The question then arises what happens at O(α ′3 ) and higher? It should first be noted that at higher orders, the form of the supergravity action is no longer unique, and undetermined (curvature)
4 -terms appear [16] . The form of these terms may however be determined through other means such as string amplitude calculations [39, 40] , which was also used in [16] , and these terms indeed preserve the symmetry between the Lorentz and Yang-Mills sectors.
With this, it therefore seems natural to conjecture that the above structure also survives to higher orders. That is, the natural connection ∇ used to calculate the curvatures should be chosen so that it satisfies an equation of motion similar to that of A, whenever the other equations of motion are satisfied. Moreover, for supersymmetric solutions, ∇ should satisfy a supersymmetry condition similar to that of A. We also conjecture that, as seen to order O(α ′ ), the moduli of this "supersymmetry condition" are equivalent to field redefinitions, and therefore do not correspond to physical lower energy fields in any sense.
Future directions
Having reviewed our results, and discussed higher orders in α ′ , there are a few unanswered questions which we would like to look into in the future. Firstly, it would be interesting to check the proposed conjecture to the next order in α ′ . This should not be very difficult, as the cubic theory was laid out in general in [16] , and we only have to repeat their analysis using a more general connection. It should be noted that at this order, the supersymmetry condition for the gauge field does receive corrections (3.15), and we expect this to be true for the tangent bundle connection as well. It would be interesting to check whether to cubic or higher order in α, supersymmetric solutions still satisfy the Strominger system. As noted in [1] , these solutions can be recast in terms of a holomorphic structure D on a generalised bundle
and it would be interesting to see if this structure survives beyond second order as well. This might be expected to be the case, as it is suggested by the authors in [22] , where it is argued that the generalised geometric structure introduced on Q survives to higher orders. Next, it would be interesting to return to the first order theory, and consider higher order deformations of the Hull connection. Indeed, in section 2 we only considered infinitesimal deformations away from the Hull connection of this theory. That is, we considered the tangent space of the moduli space of connections at the Hull connection, which we saw corresponded to infinitesimal O(α ′ ) field redefinitions. It would be interesting to perform higher order deformations of the connection, i.e. deformations of O(t 2 ) and above, and to see how this relates to obstructions of the corresponding deformation theory. Moreover, do such "finite" deformations still correspond to field redefinitions? It would also be interesting to consider our findings in relation to the sigma model. In terms of the first order sigma model, it was pointed out in [7] that changing the connection ∇ corresponds to O(α ′ ) field redefinitions, consistent with the findings of the present paper. Requiring world-sheet conformal invariance, i.e. the tendimensional equations of motion, in addition to space-time supersymmetry, puts conditions on the connection. As we have seen, and as was first noted in [3] , it is sufficient to use the Hull connection at first order. This connection was also necessary modulo field redefinitions. We found that the allowed field redefinitions correspond to the moduli space (4.1), and it would be interesting to see if this moduli space can be retrieved from the sigma model point of view as well.
At next order, we found that the Hull connection was not a good field choice, provided one wants supersymmetric solutions to the Strominger system. Still, we found the necessary and sufficient condition for compatibility was that ∇ should satisfy the instanton condition. Moreover, ∇ is related to the Hull connection by a corresponding O(α ′2 ) field redefinition. But for supersymmetric solutions of the Strominger system, the Hull connection lead to too stringent constraints on the geometry, leading us back to Calabi-Yau. It would be interesting to investigate this further from a sigma-model point of view. In particular, it would be interesting to see what the more "natural field choices", i.e. connections satisfying the instanton condition, look like in this picture.
The ten-dimensional geometry is now postulated to have the form of a direct product,
where M 4 is four-dimensional space-time, and X is a compact six-dimensional internal space. We will use small roman indices (m, n, p, ..) to denote indices on X, and greek indices to denote indices on M 4 . The spinor ǫ decomposes as ǫ = ρ ⊗ η, (A.1)
where ρ is a four-dimensional space-time spinor, while η is a spinor on X. This spinor defines an SU(3)-structure with two-and three-forms ω and Ψ on X given by
where γ m are six-dimensional gamma-matrices. These forms satisfy the usual SU(3)-structure identities
The three-form Ψ may also be used to define an almost complex structure J on X by where the endomorphism I is given by I m n = (ReΨ) mpq (ReΨ) rst ǫ npqrst .
The normalization in (A.2) is needed so that J 2 = −1. Note also that the complex structure J is independent of rescalings of Ψ.
A general SU(3)-structure is parameterised by five torsion classes, (W 0 , W It should be noted that W 2 = W 0 = 0 is equivalent to the vanishing of the Nijenhaus tensor, and therefore equivalent to X being complex.
B Proof of Instanton Condition
In this Appendix, we repeat the proof of [1] showing that supersymmetric solutions of the Strominger system, and the equations of motion are compatible if and only if ∇ is of instanton type. We consider the theory including O(α ′2 ) terms. We note that this is a special case of a more general proof, which appeared in [31] .
Recall first that the second order bosonic action is the same as the first order action [16] . According to [45] , the six-dimensional part of the action (2.1) may be written in terms of SU (3) where the Bianchi Identity has been applied.R is now the Ricci-form of the unique connection∇ with totally antisymmetric torsion, for which the complex structure is parallel. For supersymmetric solutions of the Strominger system, the connection ∇ + , see equation (2.6), coincides with∇, which is known as the Bismut connection in the mathematics literature. The Ricci-form iŝ
while N mn p is the Nijenhaus tensor for this almost complex structure. Note that R = 0 is an integrability condition for supersymmetry. Performing a variation of the action at the supersymmetric locus, we find that most of the terms vanish. The only surviving terms are In [45] it is shown that δR is exact, and therefore the first term vanishes using supersymmetry by an integration by parts. If the equations of motion are to be satisfied to the order we work at, we therefore find
which is equivalent to the instanton condition. Note the reduction in orders of α ′ due to the factor of α ′ in front of the curvature terms in the action.
-25 -
C The Hull connection
For completeness, we also repeat the argument of [24] that the Hull connection does indeed satisfy the instanton condition for the O(α ′ )-theory, whenever we have supersymmetry. We work in ten dimensions in this Appendix.
It is easy to show that by the Bianchi Identity. Contracting both sides with Γ P Q η, and using
at the supersymmetric locus, we find
as required.
